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ABSTRACT
The upper bound theorem of the generalized theory
of perfect plasticity is applied to obtain complete numerical
solutions for the critical height of an embankment. A rota-
tiona! discontinuity mechanism (logarithmic spiral) is assumed
in the a.nalysis. The analysis· includes the existing solutions
as a special case, so that it may be considered a generaliza-
tion of previous solutions.
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1. INTRODUCTION
Application of limit theorems of the generalized
theory of perfect plasticity (Drucker, Prager and Greenberg,
1952) to stability problems in soil mechanics has shown
promising results. Typical examples include the stability
of slopes (Drucker and Prager, 1952; Drucker, 1953), the
bearing capacity of footings (Shield, 1954; 1955; Cox, Eason
and Hopkins, 1961; Chen, 1969) and the earth pressure on re-
taining walls (Chen, 1968; Finn, 1968). A review of earlier
applications of the theorems to stability problems in soil mech-
anics has been given by Finn.(1968), Chen and Scawthor~ (1968).
The approach is based on the assumption that a real
soil will be deformed according to the flow rule associated with
the Coulomb yield condition. The implications of this basic
assumption are far reaching. When applied to stability problems
in soil mechanics for which satisfactory solutions already exist,
the approach often yields solutions which are in good agreement
.with the existing results obtained by limit equilibrium analysis
(plastic equilibrium), (for example, see Terzaghi, 1943). Unfortun-
ately, the volume expansion, which is predicted by the assumption
to accompany the shearing action, is enormously in excess of that
observed (Drucker, Gibson and Henkel, 1957).
More sophisticated theories on stress-strain relations
for soils have been proposed by Drucker, Gibson "and Henkel (1957),
Jenike and Shield (1959), Spencer (1964) and Weidler and Paslay
(1966) in an attempt to overcome some of the known deficiencies in
the previous theories. While such improvements may be more
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accurate than the assumption of perfect plasticity, they
also require more complex analytical techniques for their
solution.
On the other hand, the methods of limit equilibrium
take no account of the soil deformation associated with the
limiting state of stress, and hence have an unknown degree
of inaccuracy when applied to problems in soil mechanics.
A compromise between these approaches is to consider
the stress-strain relationship for soils in an idealized manner.
This idealization, termed perfect plasticity, established the
limit theorems on which limit analysis is based. As noted earlier,
for stability problems in soil mechanics, there appears to be
reasonable justification for the adoption of a limit analysis
approach based on Coulomb's yield criterion and its associated
flow rule.
The problem considered here is the critical height of
an embankment with slope angles a and S as shown in Fig. 1. The
limit analysis of this problem for a vertical bank (a=O' and S=90o)
is given by Drucker and Prager (1952). They note that the upper
bound solution can be improved by considering a rotational dis-
continuity (logarithmic spiral) instead of the translation dis-
continuity (plane surface) used by them. In order to provide a
more complete means of comparing the results obtained by the
limit analysis approach with those obtained by the limit equilibr~wm
approach, and also yield additional theoretical evidence as to the
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validity and limitations of the theory of perfect plasticity
as applied to stability problems in soil mechanics, it is of
value, therefore, to obtain the more elaborate upper bound
solution for the critical height of an embankment using a
logarithmic spiral surface discontinuity mechanism. This is
described in the present paper.
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2. CRITICAL HEIGHT OF AN EMBANKMENT
The upper bound theorem of limit analysis states
that the embankment shown in Fig. 1 will collapse under its
own weight if, for any assumed failure mechanism, the rate of
work done by the soil weight exceeds the internal rate of
dissipation. Equating external and internal energies for any
such mechanism thus gives an upper bound on the critical height.
A rotational discontinuity mechanism is shown in
Fig. 1. The triangular-shape~ region ABC rotates as a rigid
body about the center of rotation 0 (as yet undefined) with the
materials below the logarithmic surface Be remaining at rest.
Thus, the surface Be is a surface of velocity discontinuity. The
assumed mechanism can be specified completely by three variables.
For the sake of convenience, one selects the slope angles 60 and
8h of the chords OB and OC , respectively and the height H of the
embankment.' From the geometrical relations it may be shown that
the ratios, Hlr
o
and Lira' can be expressed in terms of the angles
8
0
and 8h in the forms
H
r
a
sin S{. }= sin(eh+a) exp[(Sh-eo) tan ¢J - sin(So+a)
sin «(3-a,) (1)
and
L
r
o
sin(8h -e ), 0
=
sin(8h+a)
(2 )
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A direct integration of the rate of external work
due to the soil weight in the region ABC is very complicated.
An easier alternative is first to find the rates of work WI'
W2 ' and W3 due to the soil weight in the regions OBC, GAB,
and GAe, respectively. The rate of external work for the region
ABC is then found by the simple algebraic summation, WI - W2 - W3 .
It is found, after some simplification, that the rate at which
work is done by the soil weight in the region ABC is
(3)
where y is the unit weight of the soil, ~ is the angular velocity
of the region ABC, the functions f 1 , £2' and £3 are defined as
1 2 {(3 tan ¢ cos 8h + sin 8h )3 (1 + 9 tan ep )
(4)
f 2 (Sh,eo ) = 1 L (2 cos 8 - L cos a) sin(8 +a)6 r o a r o a
and Lira is a function of 8h and 80 (Eq. 2).
(5)
{cos 80
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The internal dissipation of energy occurs along
the discontinuity surface Be. The differential rate of dissi-
pation of energy along the surface may be found by mUltiplying
the differential area, rd8/cos$, of this surface by the cohesion
c times the tangential discontinuity in velocity, V cos ¢, across
the surface (Drucker and Prager, 1952). The total internal dissi-
pation of energy is found by integration over the whole surface.
Equating the external rate of work, Eq. 3, to the
rate of internal energy dissipation, Eq. 7, gives
CH = - f (6h , e )y 0
(7)
(8)
sin S{exp[2(Sh-So) tan~] - I}
2 sin (e-~) tan ~ (£1 - £2 - £3)
(9 )
By the upper bound theorem of limit analysis, Eq. 8
gives an upper bound for the critical value of the height, H ·
c
The function f(8h ,8o ) has a minimum value when 8h and 80 satisfy
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the conditions
af
= a and --- - 0
de
o
(10 )
Solving these equations and substituting the values
of 8h and 80 thus obtained into Equation 8 yields a least upper
bound for the critical height, H , of an inclined slope. Denot-
e
ing N
s
= Min. f(8 h ,8o )' one obtains
H <.£ N (11)
c - y s
The dimensionless number N is known as the stability
s
factor of the embankment. The value of N depends not only on
s
the slope angles a and S but also on the angle of internal
friction, ¢.
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3. NUMERICAL RESULTS
A complete solution to this problem has been
obtained by numerical methods, the numerical work being
performed on a CDC 6400 digital computer. The results of
these computations are g~aphically represented in Figures 2,
°a = 0 or S = 90 , and tabu-3, and 4 for the special cases:
1ated numerically in Table 1 for the more general cases.
For the case Ct = 0, the critical values of 8h , e0
and L/r corresponding to Equation 10 are plotted against the0
inclined slope angle S for <P ==. 20° . The relation between the
inclined slope angle e and the stability factor N for variouss
values of S is shown in- Fig. 3. It is found that the results
obtained are practically identic~l to those results obtained
by the ¢-circle method of Taylor (1937), and by the slice method
of Fellenius (1927).
For the case 8 = 90°, the relation between a and N
s
for various values of ¢ is shown in Fig. 4. Table 1 gives the
value of N for various combination of the slopes a and S.
s
Since there are no existing solutions available for the case
where a ~ 0, the present results will certainly provide useful
information concerning the problem, although the answers may not
be ·exact.
Table 2 presents a comparison of various limit equilib-
rium solutions with the upper bound limit analysis solution, for
different inclined slopes 8 with the slope ~ = 0. It may be seen
that agreement is good.
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4. CONCLUSION
The upper bound theorem of limit- analysis may be
used to predict the critical height of an embankment. The
general formulation of this problem is straight forward and
the numerical results for the case a = 0 agree with already
existing limit equilibrium solutions. Although no limit
equilibrium results were available for the case of a ~ 0, the
limit analysis solutions derived are expected to be valid, and
provide additional insight into the overall problem of embank-
ment stability.
- q -
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~ABLE 1 STABILITY FACTOR N
s
BY LIMIT ANALYSIS
H r.
c c
FRICTION SI,OPE
_L__~~___._~._ ~
ANGLE A.NGLE SLOPE ANGLE B IN DEGREES
q, a 90 75 60 45 30 15in degrees in d.egrees v-
0 0 3.83 4.57 5.25 5.86 6.51 7.35
5 0 4.1q 5.14 6.17 7.33 ~.17 14.80
5 4.14 5.05 6.03 7.18 8.93 14.62
10 0 4.5~ 5.80 7.26 ~.32 13.53 45.53
5 4.53 5.72 7.14 9.14 13.26 45.15
1'0" 4.47 5.61 6.98 8.93 12.97 44.56
15 0 5.02 6.57 8.64 12.05 21.71
5 4.q7 6.49 8.52 11.91 21.50
10 4.qn 6.39 8.38 11.73 21.14
15 4.B3 6.28 8.18 11.42 20.59
20 0 5.51 7.48 10.3' 16.18 41.27
5 5.46 7.40 10.30 16.04 41.06
10 5.4.0 7.31 10.15 15.87 40.73
15 5.33 7.20 9.98 15.59 40.16
20 5.24 7.04 9.78 15.17 39.19
25 0 6.06 8.5~ 12.75 22.92 120.0
5 6.01 8.52 12.65 22.78 119.8
10 5.96 8.41 12.54 22.60 119.5
15 5.Rq 8.30 12.40 22.37 11B.7
20 5.81 8.16 12.17 21.98 117.4
25 5.7'l "7.97 11.80 21.35 115.5
30 0 6.69 ~.q6 16.11 35.63
5 6.63 9.87 16.00 35.44
10 6.58 9.7q 15.87 35.25
15 6.53 9.67 15.69 34.99
20 6.44 9.54 15.48 34.64
25 6.34 9.37 15.21 34.12 I
'-
30 6.22" 9.15 14.81 33.08 I
35 0 7.43 11.69 20.94 65.53
5 7.38 11.6"0 20.84 65.39
10 7.32 11.51 20.71 65.22
15 7.26 11.41 20~55 65.03
20" 7.18 11.28 20.36 64.74
25 7.11 11.12 20.07 64.18
30 6. 9~ 10.93 19.73 63.00
35 6.84 10.66 19.21 pO.80
40 0 8.30 14.nO 28.99 185.6 I
5 8.26 13.94 2A.84 185.5 i
10 8.21 13.85 28.69 1R5.3
15 8.15 13.72 28.54 185.0
20 8.06 13.57 28.39 184.6 II
25 7.98 I 13.42 28.16 184.0
I
30 7.R7 ! 13.21 27.88 183.2
35 7.76 I 12.~5 27.49 182.3I
j jI 40 7.-61 12.63 26.91 181.1 j
TABLE 2 COMPARISON OF STABILITY FACTOR N = H Y
sec
BY METHODS OF LIMIT EQUILIBRIUM AND LIMIT ANALYSIS
a = 0
SLOPE FRICTION CURVED FAILURE SURFACE
ANGLE ANGLE LIMIT EQUILIBRIUM * LIMITS ep ANALYSISdegrees degrees
~ LOG- LOG-
SLICES CIRCLE SPIRAL SPIRAL
90 0 3.83 3.83 3.83 3.83
5 4.19 4.19 4.19 4.19
15, 5.02 5.02 5.02
25 6.06 6.06 6.06 6.06
75 0 4.57 4.57 4.57 4.57
5 5.13 5.13 5.13
15 6.49 6.52 6.57
25 8.'48 8.54 8.59
60 0 5.24 5.24 5.24 5.25 ",
5 6.06 6.18 6.18 6~17
15 8.33 8.63 8.63" 8.64
25 12.20 12.65 12.82 12.75
45 0 5.88 5.88 " 5.88 5.86
5 ·7.09 7.36 7.33 "
15 11.77 12.04 12.05
25 20.83 22.73 22.92' " .
30 0 6.41 6.41 6.41 6.51
5 8.77 9.09 9.17
15 20.84 21.74 21.71
25 83.34 111.1 125.0 120.0
15 0 . 6. g'O 6.90 6.90 7.36
5 13.89 14.71 14.71 14.81
10 43.62 45.53
*Taylor, (.1948)
Center of
H
L =AS
I~Log. Spiral Failure Plane
Rigid
c
Fig. 1 FAILURE MECHANISM FOR THE STABILITY OF AN EMBANKMENT
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7 • NOMENCLATURE
cohesion
function defined in Eq. (4)
function defined in Eq. (5)
function defined in Eq. (6)
function defined in Eq. (9 )
vertical height of an embankment
critical height of an embankment
length ABo in ·Fige 1
stability factor
length variables of a log spiral curve
discontinuous velocity across the failure plane
angular parameters of an embankment
unit weight of soil
angular velocity
friction angle of soil
angular variables of a log spiral curve
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